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This paper presents a synthesis method for the Stephenson III six-bar linkage that com-
bines the direct solution of the synthesis equations with an optimization strategy to
achieve increased performance for path generation. The path synthesis equations for a
six-bar linkage can reach as many as 15 points on a curve; however, the degree of the
polynomial system is 1046. In order to increase the number of accuracy points and
decrease the complexity of the synthesis equations, a new formulation is used that com-
bines 11 point synthesis with optimization techniques to obtain a six-bar linkage that min-
imizes the distance to 60 accuracy points. This homotopy directed optimization technique
is demonstrated by obtaining a Stephenson III six-bar linkage that achieves a specified
gait trajectory. [DOI: 10.1115/1.4034141]
1 Introduction
In this paper, we present a new synthesis procedure that com-
bines homotopy solution to the 11-point path synthesis equations
for a Stephenson III six-bar linkage with an optimization strategy
that allows the increase of the number of accuracy points to more
than 11. This research is motivated both by the goal to achieve a
design methodology for linkages with increasingly complex syn-
thesis equations and to obtain a linkage that matches the gait tra-
jectory of a human ankle to act as an exoskeleton for
rehabilitative treadmill training.
2 Literature Review
Robotic rehabilitation for human walking movements uses a
mechanical system to guide a patient during treadmill walking
exercises. For example, the ARTHuR system provides two actua-
tors that guide a patient’s ankle through a stepping movement on
a treadmill, Ref. [1]. The angle trajectories achieved with and
without the ARTHuR system are shown in Fig. 1.
It is known that single degree-of-freedom linkage systems can
trace complex planar curves like the ankle trajectory in Fig. 1. A
theoretical result by Kempe [2], which has been strengthened
recently [3], states that for any algebraic curve, there exists a link-
age that traces the curve. Also, see Ref. [4] for linkages that gen-
erate specialized plane curves.
Our goal is a design procedure for a six-bar linkage that can
trace human ankle trajectories, such as those provided to us from
the Human Interactive Robotics Lab under the direction of Profes-
sor Robson at California State University, Fullerton, CA, Fig. 2.
The synthesis equations for the six-bar path generator were
derived by Kim et al. [5], who show that this linkage can be
designed to pass its coupler curve through 15 points. In this paper,
we present an alternative derivation for these equations and obtain
154 quadratic equations in 154 unknowns. This shows there can
be no more than 2154, or approximately 1046, solutions.
As far as we can tell, there has been no attempt at a direct solu-
tion of the 15-point path generation synthesis equations for the
six-bar linkage. Path synthesis of six-bar linkages has relied on
optimization techniques beginning with Bhatia and Bagci [6].
Nolle [7] and Root and Ragsdell [8] provide an overview of the
use of optimization methods in linkage design. For a recent
Fig. 1 The ankle trajectories achieved by the ARTHuR Step
Robot, Ref. [1]
Fig. 2 Coordinates of the ankle during multiple gait cycles
Manuscript received August 15, 2015; final manuscript received July 3, 2016;
published online September 8, 2016. Assoc. Editor: Qiaode Jeffrey Ge.
Journal of Mechanisms and Robotics DECEMBER 2016, Vol. 8 / 061009-1Copyright VC 2016 by ASME
Downloaded From: https://mechanismsrobotics.asmedigitalcollection.asme.org on 07/02/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use
example, see Ref. [9]. As Nolle points out, linkage design equa-
tions have a large number of local minima, which makes the result
dependent upon initial choices for the design parameters.
In order to avoid local minima, modern direct search strategies
start with a random population of design parameter vectors and
then provide a systematic way to modify these parameter vectors
to find new designs [10]. Bulatovic and Dordevic [11] applied the
technique of differential evolution to design a six-bar Stephenson
III path generator that fits 32 points on a specified curve. Bula-
tovic et al. [12] used the Cuckoo Search algorithm to design a Ste-
phenson III six-bar with a coupler curve that has 26 specified
points divided between two circular dwells. The Cuckoo Search
algorithm is an example of a direct search strategy that uses a heu-
ristic to combine design parameter vectors to find new designs.
Other examples of these heuristics include simulated annealing
used by Dibakar and Mruthyunjaya [13] to design two degrees-of-
freedom planar linkage systems, the particle swarm method used
by McDougall and Nokleby [14] to design four-bar linkages, and
the ant search algorithm used by Xiao and Tao [15] and by Smaili
and Diab [16] to design four-bar path generators.
In this paper, rather than using a direct search optimizer that
randomly selects the initial parameter vectors, we solve for the
path-generator design equations for 11 specified points on the
desired path using a homotopy solver [17]. These solutions are
then used as the initial design parameter vectors that are used in a
gradient optimizer to fit 60 specified points on the path. We call
this combination of homotopy generated exact solutions with gra-
dient optimization, homotopy directed optimization.
3 Stephenson III Path Synthesis Equations
A Stephenson III six-bar linkage is shown in Fig. 3. The seven
hinged joints of this linkage are denoted by the complex vectors,
A, B, C, D, F, G, and H. The point P is the point that is to trace
the coupler curve. The coordinates of the joints in the reference
position are the design parameters that are to be determined by the
synthesis process. The angles w; q;/; l, and h are measured from
the reference position to the current configuration.
Path synthesis begins with the specification of a set of N points,
Pj, j ¼ 0;…;N  1 that define the desired coupler curve for the
Stephenson III six-bar linkage. In the reference position, we have
the three loop equations
ðF BÞ þ ðP0  FÞ ¼ P0  B
ðG CÞ þ ðH  GÞ þ ðP0  HÞ ¼ P0  C
ðD AÞ þ ðH  DÞ þ ðP0  HÞ ¼ P0  A
(1)
For convenience, introduce the notation
Qj ¼ ei/j Rj ¼ eiqj Sj ¼ eiwj
Tj ¼ eihj Uj ¼ eilj j ¼ 1;…;N  1
(2)
to represent the rotation of the individual links of the six-bar link-
age. These parameters satisfy the normality conditions
Qj Qj ¼ 1; Rj Rj ¼ 1; Sj Sj ¼ 1
Tj Tj ¼ 1; Uj Uj ¼ 1; j ¼ 1;…;N  1
(3)
where the overbar denotes the complex conjugate.
Thus, for the remaining coupler points Pj, j ¼ 1;…;N  1, we
have the loop equations
SjðF BÞ þ TjðP0  FÞ ¼ Pj  B
RjðG CÞ þ UjðH  GÞ þ TjðP0  HÞ ¼ Pj  C
QjðD AÞ þ UjðH  DÞ þ TjðP0  HÞ ¼ Pj  A
j ¼ 1;…;N  1
(4)
In addition, we have the complex conjugate loop equations
Qjð D  AÞ þ Ujð H  DÞ þ T jð P0  HÞ ¼ Pj  A
Rjð G  CÞ þ Ujð H  GÞ þ Tjð P0  HÞ ¼ Pj  C
Sjð F  BÞ þ Tjð P0  FÞ ¼ Pj  B
j ¼ 1;…;N  1
(5)
Equations (3)–(5) form the synthesis equations for the Stephen-
son III path generator. Notice that for N specified path points, we
have seven complex vector joint unknowns, five joint angle
unknowns in N 1 task positions, together with their complex
conjugates, for a total of 14þ 10ðN  1ÞÞ unknowns. And we
have three complex loop equations and their conjugates, as well
as five normality conditions in the N 1 task positions, for a total
of 11ðN  1Þ equations. Thus, we have as many equations as
unknowns for the case N¼ 15, which yields 154 quadratic equa-
tions in 154 unknowns.
The challenge posed by the solution of these synthesis equa-
tions can be estimated by computing the total degree [17], which
is d ¼ 2154 or 2:28 1046.
4 Eleven-Point Path Synthesis
Path synthesis for a six-bar linkage accommodates up to 15 pre-
cision points. In order to reduce the complexity of the synthesis
equations for a Stephenson III path generator, we specify the
dimensions and the N 1 positions of the RR chain BFPj,
j ¼ 1;…;N  1, which reduces the specified number points on
the curve to N¼ 11—recall that R denotes a revolute, or hinged
joint. This simplifies Eqs. (3)–(5) into the following two sets:
S1 : SjðF BÞ þ TjðP0  FÞ ¼ Pj  B
Sjð F  BÞ þ T jð P0  FÞ ¼ Pj  B
Sj Sj ¼ 1
Tj Tj ¼ 1; j ¼ 1;…; 10
(6)
Fig. 3 Stephenson III six-bar linkage
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and
S2 : QjðD AÞ þ UjðH  DÞ þ TjðP0  HÞ ¼ Pj  A
RjðG CÞ þ UjðH  GÞ þ TjðP0  HÞ ¼ Pj  C
Qjð D  AÞ þ Ujð H  DÞ þ Tjð P0  HÞ ¼ Pj  A
Rjð G  CÞ þ Ujð H  GÞ þ T jð P0  HÞ ¼ Pj  C
Qj Qj ¼ 1
Rj Rj ¼ 1
Uj Uj ¼ 1; j ¼ 1;…; 10
(7)
The equations in S1 can be solved to determine unknowns Sj,
Sj, Tj, T j. This is done by computing S and S from the first equa-
tions, and substituting the result into the normality conditions
Sj Sj ¼ 1, to obtain
aTj þ bþ c Tj ¼ 0; j ¼ 1;…; 10 (8)
where
a ¼ ð Pj  BÞðP0  FÞ
b ¼ ðF BÞð F  BÞ  ðPj  BÞð Pj  BÞ  ðP0  FÞð P0  FÞ
c ¼ ðPj  BÞð P0  FÞ ð9Þ
Multiply Eq. (8) by Tj to obtain a quadratic equation, which is
solved using the quadratic formula. And, the values for Sj, Sj; Tj
are found by back substitution.
Once equations S1 are solved, equations S2 have the unknowns
A, C, D, G, H, Qj, Rj, Uj, and their conjugates. Thus, for the case
of N¼ 11, the path synthesis equations reduce to 70 quadratic
equations in 70 unknowns. The degree of this system is 270.
Note, we have essentially reduced the number of unknown pivot
locations from seven to five.
This system of equations has been studied by Plecnik and
McCarthy [18,19], who show that it has the multihomogeneous
degree, d¼ 264, 241, 152, and they obtain a parameter 1,521,037-
path homotopy for the solution of the 11-point path synthesis
equations for a given RR chain. This computes in about 2 hrs on a
64 2.2 GHz machine. In what follows, we use this parameter
homotopy to generate the initial design parameter vectors for the
optimization step. The homotopy software, BERTINI, was used to
carry out these calculations.
5 Optimization
Once a set of initial design parameter vectors are determined by
the homotopy solution of the 11-point synthesis equations, a gra-
dient optimizer is used to minimize the distance of the resulting
linkage to the specified points, Pk, k ¼ 0;…;NP  1, on the
desired coupler curve. Recall that the RR chain BFPk is specified
and the system of equations S1 can be solved for Sk and Tk, which
define the joint angles wk and hk.
If the point Pk is on the coupler curve of a Stephenson III link-
age formed by RR chain BFPk and the remaining design parame-
ters, r ¼ ðA;C;D;G;HÞ, then they satisfy the loop equations
defined by S2, that is
QkðD AÞ ¼ UkðH  DÞ  TkðP0  HÞ þ ðPk  AÞ
Qkð D  AÞ ¼  Ukð H  DÞ  T kð P0  HÞ þ ð Pk  AÞ
RkðG CÞ ¼ UkðH  GÞ  TkðP0  HÞ þ ðPk  CÞ
Rkð G  CÞ ¼  Ukð H  GÞ  T kð P0  HÞ þ ð Pk  CÞ
k ¼ 1;…;NP  1
(10)
Eliminate Qk and Rk by multiplying the complex conjugate
equations to obtain
jD Aj2 ¼ jUkðH  DÞ þ TkðP0  HÞ  ðPk  AÞj2
jG Cj2 ¼ jUkðH  GÞ þ TkðP0  HÞ  ðPk  CÞj2
k ¼ 1;…;NP  1
(11)
This is NP  1 sets of two linear equations in the two unknowns
joint angles Uk and Uk.
In order to solve these equations, it is convenient to introduce
the parameters
a ¼ ax þ iay ¼ H  D
bk ¼ bxk þ ibyk ¼ TkðP0  HÞ  Pk þ A
c ¼ cx þ icy ¼ H  G
dk ¼ dxk þ idyk ¼ TkðP0  HÞ  Pk þ C
f ¼ fx þ ify ¼ D A
g ¼ gx þ igy ¼ G C
(12)
Our objective function is constructed from loop closure equations
that include the endpoint location Pk. In this manner, we are able
to indirectly measure endpoint error and avoid the use of adding
separate loop closure constraints. This allows us to use uncon-
strained optimization algorithms of which a wide variety exists.
To obtain k sets of two equations in the two unknowns Uk and Uk,
Substitute the parameters Eq. (12) into Eq. (11) to obtain
Ukabk þ Uk abk ¼ f f  aa  bk bk
Ukc dk þ Ukcdk ¼ gg  cc  dk dk; k ¼ 1;…;NP  1
(13)
Each of which can be solved to obtain
Uk ¼
 f
f  aa  bk bk abk







bk f f  aa  bk bk





k ¼ 1;…;NP  1 ð14Þ
The parameters Uk and Uk satisfy the normality condition,
Uk Uk ¼ 1, when Pk is on the coupler curve of the linkage defined
by the design parameter vector r ¼ ðA;C;D;G;HÞ. We use this to




ðUk UkÞ  1 ¼
XNP1
k¼1
sin2lk þ cos2lk  1 (15)
which measures the error between the set of points Pk, k ¼
0;…;NP  1 and the coupler curve traced by the six-bar linkage
formed by the RR chain BFP0 and the design vector
r ¼ ðA;C;D;G;HÞ.
6 Selection of Precision Points
The precision points, Pj, j ¼ 0;…; 10, that are used in the path
synthesis algorithm are derived from a set of data points collected
from motion capture data of a walking subject. This data set
marks the joint locations through 14 gait cycles as shown in
Fig. 2. From these data, the lengths of the upper leg, lower leg,
and foot can be determined. The lengths of the upper leg, BF, and
the lower leg, FP, are 397.9 mm and 502.60 mm, respectively.
These lengths are determined by measuring the distances between
the hip and knee, knee and ankle, and ankle and toe data points,
respectively. The motion capture data collected were in three
dimensions, but only data in two dimensions were used in this
procedure for simplicity. These points, however, were collected in
the global frame, where the hip joint was moving. Since, the syn-
thesis procedures require that the hip joint be stationary, a new set
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of data points relative to the hip is required. The coordinates of
the ankle trajectory relative to the hip joint is shown in Fig. 4; the
location of the hip joint was also moved to the origin for simplic-
ity. Next, a spline path was computed from a single cycle of the
leg consisting of 205 data points (Fig. 5).
Parametric equations for splines are constructed from basis
equations, as shown in Eqs. (16) and (17), where t is the parameter
of the curve, k is the order of the curve, i is the ith control point,
and xi are elements of the knot vector. The knot vector deals with
the weighting of a particular control point, as explained in
Ref. [20]
Ni;1ðtÞ ¼




Ni;k tð Þ ¼
t xið ÞNi;k1 tð Þ
xiþk1  xi
þ
xiþk  tð ÞNiþ1;k1 tð Þ
xiþk  xiþ1
(17)
These basis equations are then used to form the parametric
equations for the coordinates of the basis spline curve evaluated at
tj, where fPxðtjÞ;PyðtjÞg is the jth point along the curve. Equations
(18) and (19) are the parametric equations that yield the coordi-









Fig. 5 Ankle trajectory of a single gait cycle relative to the hip
joint
Fig. 6 Set of 60 precision points derived from a basis spline
Table 1 Table of data to be substituted into the error function
j PxðmmÞ PyðmmÞ hðdegÞ j PxðmmÞ PyðmmÞ hðdegÞ
0 12.3 896.0 — 30 415.5 691.1 48.5
1 28.5 895.8 1.0 31 396.8 672.8 50.9
2 43.5 894.8 2.1 32 374.8 658.0 52.5
3 57.9 893.3 3.4 33 353.7 651.0 53.0
4 72.2 891.3 4.8 34 332.7 653.3 52.2
5 85.9 889.4 6.0 35 312.0 664.2 50.3
6 98.6 887.7 7.0 36 286.0 682.4 47.3
7 111.6 886.0 8.0 37 252.9 706.3 43.3
8 126.0 883.8 9.0 38 213.6 734.6 38.3
9 141.5 881.7 9.9 39 169.3 765.6 32.5
10 157.7 879.4 10.7 40 120.3 795.4 26.3
11 174.4 877.1 11.4 41 67.6 822.6 19.7
12 191.1 874.8 11.9 42 13.1 845.0 13.0
13 207.5 872.1 12.4 43 40.7 862.2 6.2
14 223.3 869.3 12.7 44 90.5 873.5 0.4
15 238.8 866.0 13.1 45 133.7 879.1 6.4
16 254.4 862.1 13.7 46 167.9 879.0 10.9
17 270.2 857.6 14.4 47 191.5 875.2 13.0
18 286.2 853.0 14.9 48 204.0 874.4 15.0
19 303.3 847.6 15.0 49 201.8 876.8 16.7
20 321.4 841.0 16.0 50 184.2 881.7 17.6
21 340.4 833.0 18.3 51 157.4 886.0 14.0
22 359.5 823.9 20.8 52 136.1 886.6 10.1
23 378.0 813.1 23.8 53 116.1 884.8 6.5
24 395.7 800.7 27.0 54 95.3 884.5 4.0
25 411.2 786.7 30.4 55 74.6 886.2 2.6
26 423.2 770.1 34.2 56 53.9 888.6 1.6
27 430.7 751.3 38.1 57 32.8 890.1 0.4
28 432.7 731.7 41.8 58 11.1 890.2 1.2
29 427.8 711.3 45.4 59 12.3 896.0 0Fig. 4 Coordinates of the ankle relative to the hip joint
Table 2 Table of the 11 starting precision points for the exact
six-bar synthesis problem
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Note that fPx;i;Py;ig are retrieved from motion capture data and
fPxðtjÞ;PyðtjÞg are points along a continuous spline. The 205 data
points of the ankle trajectory can then be used as the control points
in the B-spline equation so that the ankle trajectory can be repre-
sented by a single parametric equation in terms of t. Sixty evenly
distributed values of t between 0 and 1 were selected to evaluate
Eqs. (18) and (19) to produce new precision points. These points
are displayed in Fig. 6 and listed in Table 1.
Lastly, the angle hj is the relative angle of the most distal link.
Since the location of every point P and the lengths of links BF
and FP are known from the spline equation and motion capture
data, respectively, hj can be determined by solving for the angle
between two vectors. These values are also substituted in
Eq. (15). The values of hj are listed in Table 1. Note that although
h can be computed, our objective is still path synthesis rather than
motion generation because h is a computed value and not included
in the task specification.
6.1 Selection of Starting Linkage Solutions. In order to
minimize Eq. (15) using the built-in minimization algorithms of
Mathematica, starting values for the unknown variables are
required. These unknown variables are the joint parameters,
A;C;D;G, and H. In order to choose these values, we follow the
method given in Ref. [18].
For this procedure, it is required that a 2R serial chain and 11
precision points are defined. The starting 2R chain is determined
from the initial motion capture data. This 2R chain is BFP, from
Fig. 3. The 2R chain has fixed pivot B at the origin and link
lengths 398.0 mm and 502.6 mm that match the anatomical dimen-
sions of the user. These ultimately will be the leg segments of the
exoskeleton that attach to the user. In addition, the 11 precision
points that were used were selected by utilizing the basis spline
method from Sec. 6. However, the only difference is that 11
evenly distributed values of the parameter t were used. The result-
ing precision points are shown in Table 2 and plotted in Fig. 7.
Parameter homotopy computations were executed using Bertini
on a Mac Pro with 12 2.93 GHz Intel Xeon processors over
9.6 hrs. The results showed that there were no linkages found that
went through all positions, due to branch and circuit defects. How-
ever, there were 13 linkages that went through ten positions, 35
linkages that went through nine positions, 183 linkages that went
through eight positions, 771 linkages that went through seven
positions, and 1445 linkages that went through six positions. All
of these linkages were assembled into a single solution set. After
duplicates were removed, there were a total of 2003 solutions.
These linkage solutions were used as the starting linkages for the
optimization procedure, explained in Sec. 6.2, whether they went
through the precision points in the correct order or not. One of
these linkages is shown in Fig. 8. This particular linkage went
through ten points in the appropriate order.
6.2 Minimization Procedure and Results. Minimization of
Eq. (15) for 60 points was carried out for each of the starting link-
ages from the previous section. The minimization problem, for
each starting linkage, was completed using Mathematica’s built-in
optimization algorithms. Six separate methods were used with the
starting linkages and objective function. The algorithms options
used were “ConjugateGradient” with “FletcherReeves,”
“Newton,” “Gradient,” ConjugateGradient, “InteriorPoint,” and
“QuasiNewton.”
Minimizing the objective function for 2003 different starting
linkages with six different algorithms resulted in a large solution
set that was to be sorted. The purpose of using different minimiza-
tion algorithms was not to compare the performance of each one,
but to increase the number of potential linkage candidates. The
optimization algorithm was carried out on a six core AMD Phe-
nom machine with a clock speed of 3.3 GHz in 13 hrs and 31 min.
Solutions with an error value greater than 3 were then deemed to
be undesirable linkages. Also, linkage solutions that had a link
length sum greater than 3000 were removed for the set. For trian-
gular links, all three sides of the triangle were added. This was
done in order to remove solutions that had links that were too
large to be feasible.
The solutions that had branch defects were omitted. What
remained were six linkages that were all in a single cluster; two
linkages are considered to be in the same cluster if the norm of
their differences was small. For the case of these six solutions, the
norm of the differences of the joint coordinates was all less than
one. This indicates that these solutions are essentially the same
linkage. The six linkage solutions were all found from the same
starting linkage for each of the Mathematica functions. This start-
ing linkage is shown in Fig. 8 and Table 3. The optimized solution
is shown in Fig. 9 and the joint positions are shown in Table 4.
Lastly, it is shown in Fig. 10 that the optimized linkage solution
moves through a desirable trajectory; however, there is a slight
hyperextension of the knee joint.
The Solidworks model with the graphed coupler curve is shown
in Fig. 11. The links associated with the original 3R chain have
tabs attached to them to allow for the links to be strapped to the
users’ leg. The gray ground link is intended to either be fixed or
Fig. 7 Plot of the 11 starting precision points for the exact six-
bar synthesis problem
Fig. 8 One of 2003 linkage designs in the initial population
positioned at the first precision point
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attached to an additional mechanism that will manipulate the hip.
Ultimately, when the linkage is fixed to a user, with body weight
support, their lower limbs would move over an appropriate trajec-
tory on a treadmill.
7 Conclusion
In this paper, a Stephenson III six-bar linkage path synthesis
procedure that was specific to the design of a human walking link-
age exoskeleton was presented. The procedure consisted of devel-
oping an error function based on three loop equations and relative
angles. A reduction of variables was formulated and the points
were acquired from motion capture data and the use of basis
spline equations. The starting values were determined by finding a
six-bar linkage solution for the 11 point problem and the objective
function was minimized using six of the built in Mathematica
optimization functions. Precision points for both the 11 point
problem and the optimization problem were chosen by using basis
splines. The basis splines simplified the large amount of informa-
tion given from the motion capture data. Our technique converged
to a single linkage solution that traces a desirable ankle trajectory
with only a slight hyperextension of X degree at the knee.
Table 3 Fixed frame joint locations of the starting six-bar link-
age at the first precision point









Fig. 9 Optimized Stephenson III linkage solutions that have
the largest variance from each other
Table 4 Linkage solution resulting from the minimization prob-
lem with and error of 2.5 mm








Fig. 10 One of six optimized linkage solutions in a position
with a slightly hyperextended knee joint
Fig. 11 Solidworks model of the optimized linkage solution
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After experimenting with various optimization algorithms, it
was observed that a particular starting position did not necessarily
converge to the same solutions. For this reason, the use of six dif-
ferent algorithms was used to provide a larger array of linkage sol-
utions candidates. The result, after sorting the solution set, was six
viable linkage solutions that created a desirable ankle trajectory
and motion of the original 2R chain. These solutions were all in
the same cluster. This research shows that the combination of
optimization and algebraic methods can be used to find linkage
solutions to guide the cyclic trajectory of an ankle during walking.
Although the optimization portion of our synthesis technique only
resulted in a slight change to the homotopy generated linkage
design, the method shows good promise.
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